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Continuum-Based Stiffened Composite Shell Element for
Geometrically Nonlinear Analysis

C. L. Liao* and J. N. Reddyt
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

A continuum-based, laminated, stiffened shell element is used to investigate the static, geometrically nonlinear
response of composite shells. The element is developed from a three-dimensional continuum element based on
the incremental, total Lagrangian formulation. The Newton-Raphson method or modified Riks method is used
to trace the nonlinear equilibrium path. A number of sample problems of unstiffened and stiffened shells are
presented to show the accuracy of the present element and to investigate the nonlinear response of laminated
composite plates and shells.

Introduction

FINITE-ELEMENT analyses of the large displacement the-
ories are based on the principle of virtual work or the

associated principle of stationary potential energy. Horrigmoe
and Bergan1 presented classical variational principles for non-
linear problems by considering incremental deformations of a
continuum. A survey of various principles in incremental form
in different reference configurations, such as the total Lagran-
gian and updated Lagrangian formulations, is presented by
Wiinderlich.2 In the total Lagrangian description, all static
and kinematic variables are referred to the initial configura-
tion. Finite-element models based on such formulations have
been used in the analysis of arch and shell instability prob-
lems.3'6 A special numerical technique must be adopted to
trace the path of the load-deflection curve near the limit point
(i.e., critical buckling load) and in the postbuckling region,
because the stiffness matrix in the vicinity of the limit point is
nearly singular, and the descending branch of the load-deflec-
tion curve in the postbuckling region is characterized by a
negative-definite stiffness matrix. Many methods have been
proposed to solve limit-point problems. Among these are the
simple methods of suppressing equilibrium iterations,7'8 the
introduction of artificial spring,3 the displacement control
method,7'8 and the "constant-arc-length method" of Riks.11-12

Reviews of these most commonly used techniques are con-
tained in Refs. 13 and 14. Among these methods, the modified
Riks method appears to be the most effective in conjunction
with the finite-element method. Many investigators11'15 have
used this method in its original or modified form to determine
the pre- and postbuckling behavior of various types of struc-
tures such as arches, shells, and domes. In most of these
works, only isotropic material was considered. Very few
works of the nonlinear buckling analysis of laminated com-
posite structures are reported in the literature.16

When solving the problems of shells with stiffeners by the
finite-element method, a beam element whose displacement
pattern is compatible with that of the shell is required. In
analyzing eccentrically stiffened cylindrical shell, Kohnke and
Schnobrich17 proposed a 16-deg-of-freedom (DOF) isotropic
beam finite element that has displacements compatible with
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the cylindrical shell element from which the beam element is
reduced. Venkatesh and Rao18 have presented a laminated
anisotropic stiffener element, which is used to solve problems
of laminated anisotropic shells stiffened by laminated an-
isotropic stiffeners.

In Refs. 17 and 18, the shell and beam elements are all based
on the classical thin shell and beam theories. Therefore, the
transverse shear deformation is neglected. Bathe and Bol-
ourchi19 employed Ahmad thick shell elements in conjunction
with the degenerated three-dimensional beam elements to
model an isotropic stiffened plate in which the transverse
shear deformations are included. But in all of these works only
linear static analysis is considered. Postbuckling analysis of
composite laminates using two-dimensional plate theories can
be found in Refs. 20-22. A review of the literature reveals that
there is a need for comparison and assessment of transverse
shear deformation plate theory and classical plate theory as
well as comparisons with discrete stiffener approach. The
present study was undertaken to develop a laminated, stiff-
ened composite shell element for geometric nonlinear analysis
using a continuum-based stiffened shell element. Both the
basic shell element and the curved beam element used to model
stiffeners are derived from the three-dimensional continuum
element.

Formulation
Consider the motion of a body in a fixed Cartesian coordi-

nate system and assume that the body can experience large
displacements and rotations. Suppose that solutions for kine-
matic and static variables for all load steps prior to the current
one have been obtained, and that the solution for the next load
step is sought (see Fig. 1).

Because the displacement-based finite-element procedure
will be employed for numerical solution, the principle of
virtual displacements is used to express the equilibrium of the
body in the configuration C2. In the present study, left sub-
scripts and superscripts on a quantity are used to indicate,
respectively, the configuration to which the quantity is re-
ferred, and the configuration in which the quantity is mea-
sured. The principle of virtual displacements requires that

(1)

where

TIJ = Cartesian components of the Cauchy stress tensor in
C2 (the Cauchy stresses are always referred to the con-
figuration in which they occur: 2r// = \TIJ)
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Fig. 1 Total Lagrangian description of a
continuous medium.

Configuration
to be determined

Present
configuration

Reference
configuration

^2 *2

Cartesian components of the infinitesimal strain tensor
associated with the displacements M/ in going from the
configuration c{ to the configuration c2, i.e., 2e/y =
l/2[(dUi/dXj) + (dwy/dxy)], which are also referred to
configuration c2

Cartesian components of a point in configuration c2

work done by external loads

2R = duk dA 2WkdukdV (2)

Here \tk and ]fk denote the components of externally applied
surface and body-force vectors, respectively, duk denotes vir-
tual variation in the current displacement components 2uk,
and d2€ij denotes virtual variations in strains. The area and
volume elements dA and dKare assumed to be in the configu-
ration indicated on the integral.

An approximate solution of Eq. (1) can be obtained by
referring all variables to a previously calculated known equi-
librium configuration and linearizing the resulting equation.
This solution is then improved by iteration. The applied forces
in Eq. (2) are evaluated using

(3)

The volume integral of the product of the Cauchy stress and
the variation of infinitesimal strain in Eq. (1) can be trans-
formed to give

2ru62eudV = (4)

where

2cosu = Cartesian components of the second Piola-Kirchhoff
stress tensor corresponding to configuration c2, but
measured in the configuration c0

Cartesian components of the Green-Lagrange strain
tensor in the configuration c2 referred to the configu-
ration c0, and §€// are defined as oe/j = (l/2)(oM/j

2Ui = components of displacement vector from initial con-
figuration c0 to configuration c2: 2«/ = 2jc/ — X;

Because the stresses §5 -̂ and strains oe/y are unknown, the
following incremental decompositions are used:

(Ay — o (5)

(6)

where JS// and Je// are the known second Piola-Kirchhoff
stresses and Green-Lagrange strains in the configuration Cj.
Using the definition of the Green-Lagrange strain tensor and
2Uf = lUj + M/, where w/ = the increment in displacement com-
ponents, it follows that

where

= linear part of strain increment Oe//,

= Vl QUk>i

(7)

(8)

(9)

= nonlinear part of strain increment Oe,y, and 6oe,y = Sje// + 6^/y
= 50€,y, since Je// are already known. The incremental second
Piola-Kirchhoff stress components 0S/y are related to the incre-
mental Green-Lagrange strain components Oe/y through the
constitutive tensor components oCiJrs,

(Ay = oCijrs Oers

Using Eqs. (3-10), Eq. (1) can be written as

(10)

OK

= 2R -

eu°dV- ij °d V

which represents a nonlinear equilibrium equation for the
incremental displacements M/.



JANUARY 1989 CONTINUUM-BASED STIFFENED COMPOSITE SHELL ELEMENT 97

The solution of Eq. (11) cannot be calculated directly since
they are nonlinear in the displacement increments. Approxi-
mate solution can be obtained by assuming that oe# = o^// in

Eq. (11). This means that in addition to using <5oe// = <50e//, the
incremental constitutive relation

(Ay = QCijrs Qers

is used. Hence, in the total Lagrangian formulation, the ap-
proximate equation to be solved is

Qy
oQjrs Oers ^ij °d V •

OK
°d V

(12)

Finite-Element Model
The coordinates and displacements are interpolated using

the same interpolation functions (i.e., isoparafnetric formula-
tion is used), so that the displacement compatibility across
element boundaries is preserved in all configurations. Hence,

k=\

V, u, = £ *t uf,

= 1,2,3

i = 1,2,3 (13)

where ^fk is the interpolation function corresponding to nodal
point /:, and n is the number of element nodal points.

Using Eqs. (13) to evaluate the displacement derivatives
required in the integrals, Eq. (12) can be expressed as

(14)

where {Ae) is the vector of nodal incremental displacements
from c\ to c2 in an element, and (see Bathe23)

o[C] \>[BL]

°dK

(15a)

(15b)

(15c)

In the above equations, o[BL] and °i[BNL] are linear and
nonlinear strain-displacement transformation matrices, 0[C] is
the incremental stress-strain material property matrix, l[S] is a
matrix of second Piola-Kirchhoff stress components, and Q{S]
is a vector of these stresses. All matrix elements correspond to
the configuration c\ are defined with respect to the configura-
tion CQ.

It is important to note that Eq. (14) yields only an approxi-
mation to the actual solution to be obtained in each load step.
Therefore, it may be necessary to iterate in each step until Eq.
(1) is satisfied to a required tolerance. In the present study,
either the Newton-Raphson or the Riks iterative technique is
used to determine the equilibrium solution.

The shell element and the stiffener beam elements are ob-
tained by imposing appropriate kinematic constraints on the
three-dimensional isoparametric solid element. The beam ele-
ment exhibits the displacement compatibility with the shell
element and has the transverse shear deformation and variable
thickness properties. Also, with the introduction of offsets of
the beam neutral axis from the reference axis in the element
formulation, three-dimensional stiffeners and curved beams
of general cross section may be modeled.24 For detailed deriva-
tion of these individual elements, the reader is referred to
Refs. 23 and 24. The main contribution of the present study is

to account for laminate constitutive relations in the develop-
ment of the shell and its stiff eners.

The material stiffness matrix o[C'] [see Eqs. (15)] for the
kth lamina of a laminated composite shell in the local coordi-
nate system (x{ ,x2,x^) can be expressed as25

Ql C12 di 0 0

Cii C22 C2'6 0 0

Cii C2'6 C3'6 0 0

0 0 0 C44 C/s

0 0 0 C45 C55

(16)

where

Ci'i - m4Qu + 2m2n2(Ql2 + 2Q66) + n4Q22

Ci'2 = ™2n2(Qn + Q22 - 4Q66) + (m4 + n*)Ql2

CV6 = mn [m2Qn - n2Q22 - (m2 - n2)(Ql2 + 2Q66)]

C2
X

2 = /i4Qn + 2m2n2(Qn + 2Q66) + m*Q22

C2'6 = mn [n2Qn - m2Q22 + (m2 - n2)(Ql2 + 2Q66)]

C6'6 = m2n2(Qn + Q22 - 2Q12) + (m2 - n2)2Q66

Cs's = ™2Q55 + n2Q44f C/5 = mn(Q55 - Q44)

C4'4 = m2Q44 + n2Q55

m = cosO(k), n = sin6(k) (17)

and Qy, which are the plane stress-reduced stiffnesses of an
orthotropic lamina in the material coordinate system, are
reduced from the constitutive relations for three-dimensional
orthotropic body by neglecting the normal stress in the thick-
ness direction. The Q// can be expressed in terms of engineer-
ing constants of a lamina as

Gn-
E2

" 1 - P12P21
9 *22 ~ 1 -1

'> Q*4 = (^23)^ 666 = ^i2 (18)

-

Q55 =

where K is the shear correction coefficient, which is taken to
be equal to 5/6, and it is assumed that E3 = E2 and v\2 = i>13.

To evaluate element matrices in Eqs. (15), we employ the
Gaussian quadrature. Because we are dealing with laminated
composite structures, the constitutive matrix 0[C] is different
from layer to layer and is not a continuous function in the
thickness direction; hence, the integration should be per-
formed separately for each layer. The Jacobian matrix, in
general, is a function of £, ?/, and f. The terms in f may be
neglected provided the thickness-to-curvature ratios are small.
Then the Jacobian matrix °[J] becomes independent of f, and
explicit integration can be employed. If f terms are retained in
°[J], Gaussian points through the thickness should be added.
In the present study, we assume that the Jacobian matrix is
independent of f in the evaluation of element matrices and the
internal nodal force vector. For thin shell structures, in order
to avoid "element shear locking" we use reduced integration
scheme to evaluate the stiffness coefficients associated with
the transverse shear strains.

If a shell element is subjected to a distributed load (such as
the weight or pressure), the corresponding load vector 2(R } is
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given by

(19)

where
2P, = the component of distributed load in the Xf direction

in configuration c2

°A = the area of upper or middle or bottom surface of the
shell element, depending on the position of the load-
ing.

The loading is assumed to be deformation-independent.

Numerical Results
A number of representative problems were analyzed using

the composite shell element developed in the present study.
Some of the problems have been analyzed in the literature
using different finite-element models. Comparisons of present
results with available solutions show the accuracy of the ele-
ment. Additional problems of composite plates and shells are
presented to show the effects of shear deformation, geometric
stiffening, and nonlinearity, and lamination scheme on deflec-
tions.

Clamped Shallow Circular Arch Subjected to a Center-Point Load
The geometry of this arch is shown in Fig. 2. The material

properties and geometric parameters used are

E= 6.895X 104N/mm2

v = 0.25

R = 2540 mm

h = 50.8 mm

width = 25.4 mm

8 = 0.245 rad

load parameter P = (PR26/ir2EI)W (20)

Because of the symmetry of geometry and loading, only one-
half of the arch is modeled with four three-node beam ele-
ments. The results of the present study are compared in Fig. 2
with the results of Sharifi and Popov,3 who used 10 two-node
planar beam elements and the updated Lagrangian formula-
tion. The small difference between the solutions is attributed
to the difference in the formulations used.

Symmetrical Buckling of Isotropic Shallow Arches
Two shallow-arch examples, investigated by Sharifi and

Popov,3 are analyzed using the present nonlinear finite-ele-
ment model. The modified Riks method is used as the solution
procedure to obtain the nonlinear responses. The geometries
and loadings of both arches are shown in Figs. 3 and 4,
respectively. The material properties and geometric parame-

24-

20-

(9=0.707 rad.

R=100 in., h-2 in.,
width =1 in.

— Present study
— Sharifi & Popov

0 15 30 45
Deflection, w 102/R

Fig. 3 Symmetrical buckling of a shallow, clamped arch under
central-point load.

24

20
k

IQ.
16-

co

I 12

e
R» 2540 mm
h = 50.8 mm
width * 25-4 mm
0=0.245 rad

—— Present

—— SharifiA Popov

Deflection, w 10 /R

Fig. 2 Large deflection behavior of a clamped arch under a central-
point load.

— Present study
— Sharifi & Popov

Deflection, W10 /R

Fig. 4 Symmetrical buckling of a shallow, clamped arch under uni-
formly distributed load.
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ters used are

E = 107 psi, v = 0.25

R = 100 in., h = 2 in., width = 1 in., 0 = 0.707 rad (21)

Arch 1 is subjected to a center-point load, while arch 2 is
under a uniform loading. In each case, due to the symmetry,
only one-half of the arch was modeled with five three-node
beam elements. The present results are compared with those in
Ref. 3 in Figs. 3 and 4. The load parameters used for arch 2 is
P = PRd, with 6 = 0.283 rad. To obtain the postbuckling re-
sponse, Sharifi and Popov3 used the method of fictitious
elastic springs. The difference between the two solutions is
largely due to the discrete stiffness used in Ref. 3.

Symmetrical Buckling of Laminated Shallow Arches
The geometries and loading of these two two-layer compos-

ite arches are the same as that of arch 1 in the last problem.
The material properties used are

E{/E2 = 25, E2 = 106 psi, G12/E2 = 0.5, G13 = G12

G23/E2 = 0.2, vu = 0.25 (22)

Since the symmetrical deformation modes exist for both cross-
ply (0/90) and angle-ply ( — 45/45) arches, only one-half of the
arch was molded using three-node beam elements for each
beam. The nonlinear responses obtained in the present study
with the modified Riks method are shown in Fig. 5. Note that
the two-layer cross-ply arch is much stiffer than the two-layer
angle-ply arch.

Simply-Supported Spherical Shell Subjected to a Point Load
The isotropic shell shown in Fig. 6 was analyzed for its large

displacement response with 4 nine-node elements and 16 four-
node elements modeling one-quarter of the shell. The follow-

ing geometric and material parameters are used:

R = 100 in., a = 30.9017 in., h = 3.9154 in.

E = 104 psi, v = 0.3 (23)

The boundary conditions used are

u = </>! = 0 on x\ = 0, u = v = w = </>2 = 0 on x\ = a

v = (j)2 = 0 on x2 = 0, u = v = w = 0i = 0 on x2 = a

(24)

Figure 6 contains plots of the load-deflection curves obtained
using the shell element. The modified Riks method automati-
cally determines the load increments. Figure 6 also includes
the results of Bathe and Ho.26 Note that the element developed
by Bathe and Ho26 is stiffer than the continuum element.

Shallow Cylindrical Shell with a Center Point
The isotropic shallow cylindrical shell (hinged at the longi-

tudinal edges and free at the curved boundaries) shown in Fig.
7 is analyzed. One-quarter of the shell was analyzed with 4
nine-node degenerated shell elements. The geometric and ma-
terial parameters used are

R = 2540 mm, a = 254 mm, h = 6.35 mm

E= 3.103 kN/mm2, p = 0.3 (25)

The symmetry and hinged boundary conditions used are the
same as those in Eq. (24). The structure exhibits snap-through
and snap-back phenomena. The solution obtained by
Crisfield14 is also shown in Fig. 7. The present results are in
excellent agreement.

Simply-Supported Spherical Shell with Symmetrical Stiffeners
The geometry of the stiffened spherical shell is shown in

Fig. 8. The material properties and geometric parameters used
are the same as those in Eqs. (23). Because of the symmetry,
only one-quarter of the stiffened shell was modeled with 16

— 9-node
—4-node

o Bathe & Ho

Deflection, w 10 /R
Fig. 5 Geometrically nonlinear response of laminated, clamped
arches under central-point load (see Fig. 3 for geometry).

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Center Deflection, w/h
Fig. 6 Geometrically nonlinear response of an isotropic, simply sup-
ported spherical panel under central-point load.
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— Present study
o Crisfield

— Stiffened
— Unstiffened

0 1 2 3 4
Center Deflection (in.)

Fig. 9 Geometrically nonlinear responses of a cross-ply (0/90) lami-
nated spherical and with and without laminated stiffeners and sub-
jected to external pressure.

5 10 15 20 25 30 35 40
Center Deflection, w (mm)

Fig. 7 Geometrically nonlinear response of an isotropic, shallow
cylindrical shell panel under center-point load.

— Stiffened
— Unstiffened

Center Deflection, w/h

Fig. 8 Geometrically nonlinear response of isotropic, spherical pan-
els with and without stiffeners and subjected to central-point load.

0 1 2 3 4
Center Deflection (in.)

Fig. 10 Geometrically nonlinear response of an angle-ply ( — 45/45)
laminated spherical panel with and without laminated stiffeners and
subjected to external pressure.

four-node shell elements and 16 two-node beam elements. In
addition to the boundary conditions in Eqs. (24), </>3 = 0 is
used on all edges. The geometric nonlinear responses of the
stiffened shell and the same shell without stiffeners (and sub-
jected to a center-point load) are shown in Fig. 8. The same
nonstiffened shell was analyzed by Bathe and Ho,27 who used
a flat three-node triangular shell element which includes trans-
verse shear deformation. The present results are found to be in
good agreement with those of Bathe and Ho. The stiffened
shell buckles under a center-point load. The effect of stiffeners
is to increase the limit load, but the form of the load-deflec-
tion curve remains essentially the same.
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Two-Layer Cross-Ply and Angle-Ply Stiffened Shell Panels
The geometries of the two stiffened laminated spherical

shells and the stacking sequences are shown in Figs. 9 and 10.
The material properties and geometric parameters used are

E{/E2 = 25, E2 = 106 psi, vn = 0.25, G12/E2 = 0.5

R = 1000 in., h = 1 in., a = 50 in.

The shell panels are simply-supported and are subjected to
uniform internal pressure. The boundary conditions used are
the same as those in the last problem for the cross-ply shell,
and u and v are interchanged in the boundary conditions (24)
for the angle-ply shell. One-quarter of each stiffened shell was
modeled with 4 nine-node shell elements and 8 three-node
beam elements. The geometric nonlinear responses of these
two shells with and without stiff eners are shown in Figs. 9 and
10, respectively. The effect of stiffeners is to increase the limit-
load values. The load-deflection curves for stiffened shells are
terminated beyond the limit load to save computational time.

Summary and Conclusions
A continuum shell element with compatible stiffeners is

developed for the geometric nonlinear analysis of laminated,
stiffened shell structures. The elements are essentially the same
as in Ref. 23, except for the inclusion of laminated anisotropic
material behavior. A number of sample problems are analyzed
to both validate the present element and bring out the effects
of lamination scheme, geometric nonlinearity, and stiffeners.
The numerical examples demonstrate the validity and effi-
ciency of the present element. A composite transition element
to model transition regions between a three-dimensional con-
tinuum element and the two-dimensional continuum shell ele-
ment was developed recently by the authors,28 completing a
library of continuum elements for global-local analysis of
practical problems.
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